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BIRINCHI TARTIBLI CHIZIQLI DIFFERENSIAL TENGLAMALAR FIZIK
MASALALARDA
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Ilmiyrahbar: Namangan davlat universiteti Matematika kafedrasi katta o’qituvchisi

Annotatsiya: Ushbu maqolada matematika fanining asosiy bo’limlaridan biri differensial
tenglamalar haqida ma’lumot berilgan. Asosan maqolada birinchi tartibli chiziqli differensial tenglamalar,
o’rnigaqo’yish (Bernulli usuli), o’zgarmasni variatsiyalash (Lagranj usuli) va ularni fizika masalarda
tadbiqi ko'rsatilgan.

Kalitso‘zlar: Differensial tenglama, birinchi tartibli differensial tenglama, birinchi tartibli chizigli
differensial tenglama, Bernulli usuli, Lagranj usuli.

MEPBOI'0 NMOPAAKA JIMHEWHBIE JU®PEPEHIIUA/ILHEIE YPABHEHUA B
OUSNYECKUX 3AJAYAX

AHHOTanuA: B JdanHoli cmamwve  npedcmasseHa  uHgpopmayus o
dugppepeHyuaIbHbIX YPABHEHUSX, KOMOpble 518451I0Mcsl 0OHOM U3 OCHOBHbIX yacmeu
Mmamemamuveckux  Hayk. B ocHosHomM 8 cmamwe  paccmampusaromcs
dugpepeHyuanvbHble ypasHeHusi nepeozo nopsioka, Memod nodcmaHosku (Memod
Bephyanu), eapuayusi nocmosiHHoli (Memod Jlazpamxca) u ux npumMeHeHue 8 pu3uvecKux
3adauax.

KiawueBsle ciaoBa: JuggpepeHyuarvHoe ypasHeHue, JdugdepeHyuaibHoe
ypasHeHUue nepeozo nopsodka, JAuHeliHble JuPpepeHyuanbHble YPAasHEHUS Nnep8o2o
nopsidka, memod bepHyaau u memod JlazpaHaica.

FIRST-ORDER LINEAR DIFFERENTIAL EQUATIONS IN PHYSICAL
PROBLEMS

Annotation: This article provides information about differential equations, which is one of the main
branches of mathematics. The article mainly discusses first-order linear differential equations, substitution
(Bernoulli method), variation of parameters (Lagrange method) and their application in physical problems.

Keywords: Differential equation, first-order differential equation, first-order linear differential
equation, Bernoulli method and Lagrange method.

Atrofimizda sodir bo’layotgan kopgina hodisalar va jarayonlar, ularni tavsiflaydigan

noma’lum funksiyalar yoki ularning hosilasi qatnashgan tenglamalar orgali ifodalanadi. Biz
tizika, iqtisodiyot, amaliyotda va boshqa sohalarda differensial tenglamadan foydalanamiz.
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Erkli o'zgaruvchi x, noma’lum funksiya y-f(x) hamda uning hosilalari y'y",...y™
orasidagi bog’lanishni ifodalovchi tenglama differensial tenglama deyiladi. Sodda aytganda:
“Noma'lum funksiya va uning hosilasi gatnashgan tenglikka differensial tenglama
deyiladi”[1]. Bu tenglamalardan noma’lum funksiyani toppish kerak. Masalan, biz fizikada
ko'radigan bo’lsak:

I-masala. Massasi m bo’lgan jism biror balandlikdan yerga tashlab yuborilgan. Bu
jismning tushish tezligi 9 ganday qonun bilan 0’zgaradi? 9 =9 (t) munosabatni topish talab
qgilinadi.

Yechish. Nyutonning ikkinchi qonuniga ko'ra,

F-ma; )

bu yerda: m - jism massasi; a - jism tezlanishi; F - ta’sir etuvchi kuch. Bunda ikki hol
bo’lishi mumbkin:

a) jismga havoning qarshiligi hisobga olinmagan hol;

Jismga havoning qarshiligi olinmasa, jism faqat og’irlik kuchi ta’sirida harakatlanadi,
ya'ni F-mg ga teng bo’ladi. U holda (1) dan quyidagi tenglamaga ega bo’lamiz:

m%=mg yoki%=g; (2)

(2) - tezlikka nisbatan birinchi tartibli differensial tenglama.

b) jismga havoning tezligiga proportsional bo’lgan garshilik kuchi ta’sir etgan hol;

Bunda Farhilik=pv bo’ladi. Bu yerda: p — proportsionallik koeffitsiyenti, 9 - jismning
tezligi. Bu holda F=mg-Farshitik kuch ta’sir etadi. U holda (1) dan:

dv _ . dv__ p
m—=mg—pd yoki —=g-——9 3)
Biz yana birinchi tartibli differensial tenglamaga ega bo’lamiz.

Noma'lum funksiya va uning hosilasiga nisbatan chizigli bolgan (1-darajali)

differensial tenglamaga chiziqli differensial tenglama deyiladi.

2+ P(x)y = Q(x) 4)

Bunda: P(x) va Q(x) lar x ning berilgan uzluksiz funksiyalari (yoki 0’zgarmas sonlar).
Agar Q(x)=0 bolsa, (4) tenglama bir jinsli, aks holda bir jinsli bo'lmagan chizigli differensial
tenglama deyiladi. Bir jinsli bo’lmagan chizigli differensial tenglamani yechishni 2 ta usuli:

1.O’rniga qo’yish (Bernulli usuli);

2.0’zgarmasni variatsiyalash usuli (Lagranj usuli).

(4) ni o'zgarmasni variatsiyalash yoki Lagranj usulida ishlaymiz. Q(x)=0 shart
kiritamiz. O’zgarmasni variatsiyalash usulida birinchi navbatda berilgan tenglamaning bir
jinsli gismini ishlab olamiz:

y'+ Py = Q(x)
Y+PX)y=0 < y =-Px)y

dy dy
= —P(x)y © f7= —fP(x)dx

Inly| = —fP(x)dx +InC o y=Ce JPMax

Berilgan tenglamaning umumiy yechimini y= Ce~J P®)%* korinishida gidiramiz:
yl — Cle—fP(x)dx + C(_P(x))e—f—P(x)dx
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Cle IP@ax 4 ¢(—P(x))e ™/ ~PMIx 4 p(x)Ce™IP@x = Q(x)
C'eJPMax = 0(x) & C(x) = fQ(x)efP(")dxdx +C,

y-e~[POE([ Q(x)el PP qx + Cy);
O’rniga qo’yish usulida noma’lum funksiya y=u(x)v(x) ko'rinishida gidiramiz.
y'+P(x)y=Q(x) shu misolni o'rniga qo’yish usulida ishlaymiz.
y=ulx)vix) © y=u-v+u-v
uv+u-v+Px)u-v=0x) © u-v+u-[v+Px)v]=0(x)
Bernulli usulini mohiyati shundaki, gavs ichidagi ifodani nolga teng deb qgarashdir. Biz
ham qavsichidagi ifodani nolga tenglaymiz:

d
vV'+Px)v=0 o v'=-Px) v & d—z=—P(x)'U
d
7v=—fP(x)dx o ln|v|=—fP(x)dx

v(x) =C- e—fP(x)dx PEN v(x) — e—fP(x)dx
Bunda biz C-1 deb olishimiz mumkin. Chunki, hozir biz v(x) nitopganimizdagi C -
o'zgarmas son muhim emas. Lekin u(x) funksiyani topgandagi C - 0’zgarmas son muhim.
Uv+u-0=0k) o u-e JPWE=0(x) & u' =Q(x)-efPWax

d
£= Q(x).efP(x)dx o _[du =fQ(x)-efP(")dxdx

u(x) = j Q(x) - el PWaxgy 4

y=u-v=v= e‘fp(x)dx(JQ(x)-efp(")dxdx+C)

2-masala.Massasi m,issiglik sig’imi C o0’zgarmas bo’lgan jism boshlang’ich momentda
Ty temperaturaga ega bo’lsin. Havo temperaturasi 0’zgarmas va T (T>T) ga teng. Jismning
cheksiz kichik dt vaqt ichida bergan issiqligi jism va havo temperaturalari orasidagi farqqa,
shuningdek vaqtga proporsional ekanligini e’tiborga olgan holda jismning sovish gonunini
toping.

Sovuyotganda jism temperaturasi To dan T gacha pasayadi. Vaqtning boshlang’ich t
vaqtda jism temeraturasi T bolsa, cheksiz kichik dt vaqt oraligiida jism bergan issiqlik
miqdori:

dQ = —C - (T —1)dt

ga teng. Bu yerda, C - issiqlik sig’imi.

Jism T temperaturadan T temperaturagacha soviganda beradigan issiglik migdori:

dQ =c-m-(T—1)dt & dQ=c-m-dT

Ikkala ifodani tenglaymiz:

dT C
—C-(T—-7)dt=cm-dT o fT—T:_,[ dt

c-m
C _C,

T —t|=———t+InC;, & T—-1=C e cm
c-m

Boshlang’ich shart beradigan bo’lsak, C; ni topish qulayrogq. t=0 da T=T bo’lsin, bunda
Ci=To-T ga teng.
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T—1= (TO—T)-e_%t o T=T+(T0—T)-e_%t

3-masala. m massali nuqta vaqtga proporsional bo’lgan kuch ta’sirida to’'g’ri chizigli
harakat gilmogda. Boshlang’ich t=0 vaqt momentida v=0 bolsin. Havo
qarshiligitezlikkaproporsionalbo’lganholdatezlikni t ningfunksiyasisifatidaaniglang.

Bunda t momentdanuqtagaikkitakuch, yani vaqtga proporsional bo’llgan kuch va
havoning garshilik kuchi ta’sir giladi:

F=F+F,=gt+(-k-v)=g-t—k-v
Nyutonning ikkinchi qonuniga kora, F =m-a =m E - ga teng:
dv

dv
ma—g t—k-v & md—+k v=g-t

Tenglikni har ikkala gismini m massaga bo’lib yuboramiz:
dv k k
Ziiv=Zt o vi—v=Iy
dt m m m m

Bu masalani yuqorida ko'rib o’tganimizdek, Bernulli usuilida ishlaymiz:
v=u(lt)-w(t) & v=u-wt+u-w

k
u’-w+u-w’+—u-w=£t o u"W+U'[W’+—W]=£t
m

m m m
k
w+—w=0 o w ——W
m
dw k
— =—w © — = f dt
dt m m
k _k,
ln|W|=—Et+lnC CKLKC=1>» e w=em
k
uw+u Ozgt o u e‘ﬁt:gt
m
k du k
’=— em’ -t o emt et
dt m
k
fdu— — em ‘tdt © u=£-(t——) emt + C
m

m k
v=u(t) w(t)=em (— (t—z)-eﬁt+6)
4-masala. Tok manbaiga E=Vsinwt gonun bo yicha o’zgaruvchi kuchlanish, R garshilik
va L induksiya ketma-ket ulangan. Zanjirdagi tok kuchini toping (barqaror holat).
Krigroffning ikkinchi qonunini yozamiz, unga kora oqim manbalarining
kuchlanishlari yig'indisiga teng:

dl
IR+ L— =Vsinwt
dt
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@ L

e

Biz bargaror tok holatni topishimiz kerakligi sababli:
I = a-sin(wt — @) (5)
Buyerda: a - amplituda, ¢ —faza. Biz endi ¢ ni topamiz:
R-a-sinlflwt—@)+L-a-w-cos(wt — @) =V -sinwt
R - a(sinwt - cos@ — coswt - sing) + L - a- w(coswt - cosp + sinwt - sing) =V - sinwt
sinwt(R-a-cosp +w-L-a-sing)+ coswt(L-a-cosp —R-a-w-sing) =V -sinwt
Sinus va kosinuslarning o'ng va chap tomonlarini tenglashtiramiz:
a(R-cosp+w-L-sinpg) =V
{a(w L-cosp —R-sing) =0

Ikkinchi sistemadan:
w-"L
R
Biz sinus bilan kosinusni tangens bilan ifodaladik. Bunda trigonometrik

almashtirishlar qgildik:

R-singp=L-w-cosp < tge=

1+ (tgp)’ =—=
+ (tge) (c0s0)?

w - L\? R?
(5 e
(cosp)? + R < (cosg) R2 + w? - L2

2,72
(sing)? =1 — (cosp)? = _w b
RZ + wZ . LZ

Topgan ifodalarimizni sistemaning birinchi tenglamasiga qo’yamiz:

R* 4+ w?- L7
a =V o a-JR*+w?-12=V

Shunday qilib, tebranish amplitudasini topamiz:

_ v

VR? + w? - L2
Amplitudasini topganimizdan so'ng, ¢ fazani topamiz:
w-L

¢ = arctg ——

Topgan ifodalarimizni (5) ga qo’yib, tok kuchini topamiz:
4 w -
I = a-sin(wt — @) o I= Ny - sin(wt — arctg T)
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Xulosa.Yuqoridagi yechilgan masalalardan korinib turibdiki, biz differensial
tenglamalarni qayerda qo’llanilishini bilib oldik. Fizika masalalarida differensial
tenglamalarni tadbiqgini korib chiqdik. Differensial tenglamalarni fizikani mexanika,
molekulyar fizika va termodinamika, elektrostatika bo’limlariga oid masalalarida ganday
foydalanganligini masalalar orqali tekshirdik.
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