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Abstract: The article discusses classical methods for finding the eigenvalues and
eigenvectors of matrices, such as direct determination using the commands of the
mathematical system Mathcad, as well as a two-stage classical method that utilizes the
methods of Krylov, and Power methods. For all methods, enlarged algorithms have been built,
consisting of a sequence of mathematical formulas and commands of the Mathcad
mathematical system. In this case, Mathcad acts as an executor of an enlarged mathematical
algorithm for solving the problem. For all methods, the eigenvalues of the matrices are
obtained in four ways: by the method of the internal command Mathcad eigenvals( A ),by the
internal function of Python, with the help of Python code written for the methods and by the
most proposed method. Only if the results of these methods coincide, the enlarged algorithm is
considered correct.

Keywords: algorithm, large operation, algorithmic language, algorithm executor,
Mathcad-executor of an enlarged algorithm, algorithms and programs in Mathcad and

Python for etgenvalues of matrices.

METO/bI JEBEPBE U MUKEJIAI3E JIJI1 COBCTBEHHBIX 3HAYEHUM
1 COBCTBEHHBIX BEKTOPOB CUMMETPUYHON MATPHUIILI

Koxuposa Manoxat O0OMIKOH KU3H
Mazucmpanm xkagheopor ungpopmamuxu,
Hamaneanckuti 2cocyoapcmeentulii yHugepcumem

AnHorauusa. Cmamvs paccmampugaem KIACCUYEcKUe Memoobl HAXOHCOEHUs
COOCMBEHHbIX 3HAYeHUll U COOCMBEHHbIX BeKMOpPO8 MAampuy, maxkue Kak npsimoe
onpeoenenue ¢ UCNONb308AHUEM KOMAHO mMamemamuyeckou cucmemsvl Mathcad, a maxorce
08YXCMYNEHYAMDbILL KAACCUYECKUNl Memoo, UCHOAb3YIowull Mmemoovl Kpuviioea u memoowl
cmenenu. J{nsa 6cex Memo0o8 Obliu NOCMpPOeHbl PACUUPEHHbLE ANCOPUMMbL, COCMOAWUE U3
nOC1e008aMENbHOCIU MAMEMAMUYECKUX HOPpMYN U KOMAHO Mamemamuieckol Cucmembl
Mathcad. B smom cnyyae Mathcad Oeiicmgyem Kak ucnoiHumenb pacuiupenHo2o
Mamemamuiecko2o aneopumma Ojs peulenus 3aoadu. /[nsa ecex memooog codOCmeeHHble
3HAYeHUss Mampuy NOAYYarOmcs 4emuvlpbMs CHOCOOAMU: C HOMOUbIO Memooa 6HYMpeHHell
komanovl Mathcad eigenvals(A), ¢ nomowwto enympenneii ¢pynxyuu Python, ¢ nomowwio

Hanucannoz2o Ha Python kooa 01 mMemo0o8 u ¢ nomowwio Haubonee npeonazaemozo
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memooda. Tonvko ecau pe3yibmamovl SMUX Memoo08 CO8NA0am, paculuperHulll aieopumm
cuumaemcs NPAGUIbHLIM.

KuroueBble caoBa: ancopumm, KpynHas onepayus, ai2OpUmMUYecKuli s3bvik,
ucnoavrhumens anrzopumma, Mathcad-ucnornumens yKpynHEéHHO20 aneopumma, ai2opummbl

u npocpammol 6 Mathcad u Python 015 cobcmeennvix sHavenui mampuy.

SIMMETRIK MATRITSANING XOS SON VA X0S VEKTORLARI UCHUN
KRILOV, DARAJA VA TESKARI DARAJA USULLARI

Qodirova Malohat Obidjon qizi
Namangan davlat universiteti, Informatika va ragamli texnologiyalar kafedrasi

magistranti

Annotatsiya: Ushbu maqolada matritsalarning xos son wva xos wvektorlarini
aniglashning Mathcad matematik tizimining buyruqlaridan foydalanib to’g’ridan to’g’ri
aniglash, shuningdek Krilov va daraja usullarini qo’llovchi ikki bosqichli klassik usullart
kabilarni muhokama qilinadi. Barcha usullar uchun matematik formulalar ketma —
ketligini va Mathcad matematik tizimi buyruqlarini o’z ichiga oluvchi kengaytirilgan
algoritmlar qurilgan. Bu o’rinda Mathcad masalani yechish uchun kengaytirilgan matematik
algoritmning bajaruvchisi sifatida xizmat qiladi. . Barcha metodlar uchun matritsalarning
xos sonlari to’rt xil usulda aniglanadi: Mathcadning ichki funksiyasi - eigenvals (A),
Pythonning ichki funksiyasi, usul uchun yozilgan Python kod va eng ko’p taklif etilgan usul
bo’yicha. Usullarning natijalari mos kelgandagina kengaytirilgan algoritm to’g’ri deb gqabul
qilinadsi.

Kalit so’zlar: algoritm, kengaytirilgan amal, algoritmik til, algoritm bajaruvchisi,
kengaytirilgan  algoritmning  Mathcad-bajaruvchisi,  Mathcadda  va  Pythonda

matritsalarning xos sonlart uchun algoritmlar va dasturlar.

I. INTRODUCTION
The problem of determining eigenvalues and vectors is as follows:
AX=AX,X=0,A, Xx="7 (1)

where is the order of the matrix is nxn. In this equation, the unknowns are: n-
scalar quantities of A and n eigenvectors X# 0. Academicians S.L. Sobolev, I.A. Krylov,
D.K. Faddeev, G.I. Marchuk, A.A. Samarsky, N.N. Yanenko, S.K. Godunov, alongside
prominent figures such as Jacobi, Givens, Wilkinson, Frobenius, and Francis, have
contributed significantly to both the theory and practical application of eigenvalues and
eigenvectors.

Since problem (1) represents a homogeneous system of linear equations with respect

to X, a solution exists if and only if:
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det(A—-AE) =|A-AE|=(-])"(A" - pA"" —...p,,A—Pp,) =0
(2)

This algebraic equation is called the characteristic (secular) equation (in the

comments in the algorithms it will be referred to as CHE for short), where

a  a & F g
Py =Zi:1aii’ Pa :Z aj au v Py = Z & g |- Py =det(A).
i<j ji ji i<k<j
;i Ay

The classic method of searching for eigenvalues consists of two stages:

1) determination of the coefficients of the characteristic equation;

2) solution of the characteristic equation.

To find all eigenvalues of symmetric matrices, iterative methods of Jacobi and
Givens rotations have been developed. Iterative methods for searching for extreme
eigenvalues and classical wuniversal methods of Leverrier, Faddeev, Krylov,
interpolation, Rutishauser LU, Francis QR have been developed for any matrix.

The theoretical foundations of the problem are set out in [1-4]. An algebraic
approach to approximate eigenvalue methods is available in [5,6]. The eigenvalue
problem for asymmetric matrices is discussed in [5], where the programs that have at
that time are analyzed. Programs in the Algol language are available in [6]. In [7] for
the first time appeared programs of methods for extreme eigenvalues and the method of
interpolation in the three languages Basic, Pascal and Fortran. Programs in BASIC are
available for extreme eigenvalues, Jacobi, QR. Programs - enlarged algorithms in the
Python language appeared [8]. [9,10] has enlarged algorithms for finding eigenvalues,
Mathcad.[11] has a large number of Mathcad programs.

In mathematical systems, the solution to the problem can be found in 4 ways:

1) Command-based-system-large calculator;

2) based on a mathematical algorithm — the system is the executor of the
algorithm;

3) based on an internal language-system programming environment;

4) based on the interactive method-system-training program

For solving problems of computational methods, the second method of solving
problems plays an important role, since in this method the problem is solved only with
the help of a mathematical algorithm for solving the problem. Mathcad acts as the
executor of the enlarged algorithm, and the user acts as the creator of the algorithm. By
an enlarged algorithm, we mean, a sequence of mathematical formulas and commands of
a mathematical system that gives a solution to the problem. It is these instructions of a
mathematical system that are a large command, for example, an internal function for
calculating the powers of a matrix, a determinant, an inverse matrix, an integral, the

solution of a differential equation, etc. We demonstrate our thoughts with examples:
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finding the eigenvalues of the matrix by the classical method of direct determination,
Leverrier, Faddeev, interpolation and Krylov, QR algorithm. In these methods, the
secular equation is found first, and then the eigenvalues. We check the adequate results
of our algorithms with the internal function eigenvals(A) and eigenvecs(A) to find the

eigenvalues and vectors of the matrix.
. n . . . .
In what follows, we will denote by A= [aij ]i,jzl -matrix, E —is a unit matrix.

In the theory of eigenvalues, the well-known expansions of matrices according to
Jordan and Schur are of great importance [2]. Each matrix is like a jordan and a shur
shape: A= SJS° (A= SDS*), A=QRQ* , where J - is the Jordanian form, D - is the diogonal
form, R - is the upper triangular form, which contain all eigenvalues, Q - is the

orthogonal matrix. Note also what is the characteristic polynomial for the Frobenius

matrix:
I R Py Py |
1 0 0 0
A=l O 1 0 0
| 0 0 0 1 0 |

I. Methods of Solution. Extended algorithms and programs.

1. Mathcad command method. Let's Compute Your Own Values

and matrix vectors using the Mathcad command and check the correctness of the

result using the formula v= 1 Av:

1 2 3 4
2 3 41 . . o
ORIGIN: =1 A= 3412 n:=cols(A) E :=identity(n) //Specifying A, E
4 1 2 3
matrices
—2.828 -0.6533 -0.5 0.2706
) . -2 -0.2706 0.5 -0.6533
A :=eigenvals(A) v:=eigenvecs(A) A= V=
2.828 0.6533 -0.5 -0.2706
10 0.2706 05 0.6533
,V
-0.6533 -05 0.2706 05
. -0.2706 0.5 -0.6533 0.5
i=1l..nw?" = AV wW = /I Checking the correctness A
0.6533 05 -0.2706 05
0.2706 05 06533 05
sV

2. Classic universal method. Stages of the method:
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1) Calculation of the secular equation: D(A) =|A—AE|=(-1)"(A" —Zin:l pA)=0.
2) Solution of the secular equation: D(};) = |A—kiE| =0,A=A,i=1l.n,

Previously, this method was used only for small-order matrices: N<3.

For the two-step process, let's create an extended algorithm:

1 2 3 4

4 1
1 2 n:=cols(A) E =identity(n) //Specifying A, E matrices
2 3

2
ORIGIN: =1 A= 3

4

= B~ W

D(X):=(-1)"| A— E*x| »160+64x—28x" —8x° +X"// CHE command Mathcad
p(x) := D(X) coeffs, x —)[160 64 -28 -8 1 ]T /I Allocation of CHE coefficients
r := polyroots(p) r = [—2.828 -2 2.828 10]T /I Output of eigenvalues

-2.828 -0.653 -0.5 0.271 05
. . -2 -0.271 05 -0.653 05
A =eigenvals(A) v =eigenvecs(A) A = V=
2.828 0.653 -05 -0.271 05
10 0271 05 0653 05

commands

II.Krylov's Method for Eigenvalues and Eigenvectors [1].

Let D(A)=|A-AE|=(-1)"(p, + pyA+.. 4P A+ PA" +A") =0 is the secular equation of
matrix A. According to the Hamilton-Kelly theorem, the matrix satisfies its secular
equation: D(A)=0: D(A):|A-AE|:O (brief proof).

D(A)=|A-AE|=|0|=(-1)"(p, + p,At..+p,,A"" + p,A") =0 = (p, + p,A+..+p, A"+ p,A") =0

From here we get P,E+ p,At+..+p A" =—A". Multiply the last equation by an

arbitrary non-zero vector x€R" and get the vector equation:

P,EX+ p,Ax+..4p, ATX = —A"X

By introducing vectors x® = A(k)*X,k =1..n , for the unknown coefficients of the
secular equation, we obtain a system of linear equations:
X X oo Xy | | P| |4
Y Xa e o | P || X = (AT*x), @Zn:pjxij =d,,i=1.n
) =

an Xn2 ' Xnn pn dn

III. Finding eigenvectors in the Krylov method. In equation (4), we put X=C,

q=—p. We express the characteristic equation in the form q=-p. According to the

437
PAGE



* INNOVATIVE DEVELOPMENTS AND RESEARCH IN EDUCATION *
International scientific-online conference

CANADA CANADA

Hamilton-Kelley theorem, we have E+Q,A+..+0,A""=A". Let's multiply it by the

vector C,.

q,C, +¢,C, +...+q,C,=A"C,=C,,,C

N+l ~i+l T

=AC,,i=1. n@qu

| n+l

We denote the eigenvector corresponding to the eigenvalue A=A, as:

X; =BG +Bi.C, +...+ B, C, zzzlﬁi,deO’AXi:)\‘ixi’izl"n

Taking into account A, X, = AX; equation (4), we can write:
A Xi =4 (BuCy +BioCy - +BinC,) = BuCy +BioCs +-. 4B, C

}\‘i(Bi1C1+Bi2C2+"'+B|n n) Bllc +B|2C +.. +B|n N+l
BuC, +BiCs +..+Bin 1 G + B (,C, +0,4,C, +..+0,C)

in n+1

Here, we equate the coefficients of C, in different parts of the equation:

i =MiBins B + 9B =2AiBiz, Biz + GBiy = AiBizy s Bins + AuBin =2AiBii-

From here, starting from the last equation, we find sequentially:
Bina = UBin = (A —0,)Bin
Bin2 = MiBina = AaBin =[Ai (A —0) — 01 IBs, = [7%2 = 0,A =01 Bins
Bin s = MBin o = U oBin = [= A = QA =G sd =0 5 1By
Bil = kiBiZ - qZBin = [7\-?71 - animz - qn—lxiH T q3}\‘i - qZ]Bin
One of the solutions to these equations is defined as follows:
Bin =LBins =2 —0y:Pin2 = [7b2 duhi = oalseoos
Bu= Al =G =G A =Gy = AT Y g AT
— QA = QoA =0k — g, =D(%;) =0

After determining the coefficients, we find the eigenvector:

X BIlC +B|2C +.. +B ZE=1Bi,kC<k>.AXi =>\’iXi!i =1.n

9
Y Here's a program that finds both eigenvalues and eigenvectors:
1 2 3 4 1
2 3 41 ) ) ) ) 0
A= 34 1 9 n:=cols(A) E =identity(n) B :=identity(n) y = 0
ORIGIN: =1 4123 0
D(X):=(-1)"|A-E*X| >160+64x—28x* -8x’+X"  //CHE with the help of Mathcad
command

p(x) = D(x)coeffs,x >[160 64 28 -8 1 | // Allocation of CHE coefficients
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r := polyroots(p) r =[—2.828 -2 2.828 10]T /I Eigenvalues on command

—2.828 -0.653 -05 0271 05
-2 -0.271 05 -0.653 05
A =eigenvals(A) v =eigenvecs(A) A = V=
2.828 0653 05 -0.271 05
10 0271 05 0.653 05 //checking
1 1 30 240 160
0 2 24 244 64
ki=l.n C*=A"*y C= d=A"*y p=(-)*C"*d p=
Y=o 3 22 256 yp=(1 =l o8
0 4 24 260 38
/lcoef.
_ n ) X<i>
X =) B *CH xP = — // N lization of ei t
;Bl,k — ormalization of eigenvectors
-0.6533 05 -0.2706 0.5 -0.6533 05 -0.2706 0.5
_|-0.2706 0.5 0.6533 0.5 Ve -0.2706 -0.5 0.6533 0.5
06533 05 02706 05| | 06533 05 02706 05
0.2706 -0.5 -0.6533 0.5 0.2706 -0.5 -0.6533 0.5/, .
/leigenvectors
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Krylov(Nn: integer;
a:Tmatr: var y:TVect)
¥
Nn1l = Nn '
I=Nn
e
Yyli] = v’
*Trunc(10*random | =1+1

I =1+1

l*

Simg(Nn1,
aa, y, K)

—
<
1
<
<
-
>

Yy[i] = J

J J=Nn

I*Trunc(7*random)

Aalij] = Yyli]

P E—
| S

J=J+1 J

J J>Nn

@ ‘

Return

Block - scheme of algorithm of Krylov method
Input: n — natural number, order of the given matrix
Output — q — array, n — dimentional real vector, eigenvectors

Here is the python code for Krylov’s method:
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#Krylov's Method
import as

import

H#n =4

H#matrix M

for

for

for

#right hand of Mp = d

#solving of Mp = d
#p = [p[l]. p[2], .. p[n]]

#p = [L, p[1], p[2]. .. p[n]]
'koef.pol p: \n'

Tambda of A:\n'

The results are as follows:

koef pol:

1-8-28 64 160

roots:

10 2.828427712 -2.828427712 -2

IV. POWER METHOD

The power method is an iterative algorithm used to find the eigenvector associated
with the largest eigenvalue (also known as the dominant eigenvector) of a square matrix.
It works by repeatedly multiplying a randomly chosen initial vector by the matrix and
then normalizing the resulting vector. Over time, the vector will converge to the

dominant eigenvector.
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Algorithm:

1. Initialize:

oChoose a random vector x0 (non-zero) of the same dimension as the matrix.

oSet a tolerance tol for convergence and an iteration counter k to 0.

2. Iteration:

o Repeat the following steps until convergence or maximum iterations are reached:

» Multiply the current vector by the matrix: x_new = Ax_k

» Normalize the resulting vector: x_new = x_new / | | x_new| |

= Calculate the Rayleigh quotient: lambda_k = (x_new"T * Ax_k) / (x_new"T *
X_new)

» Check for convergence:

= If the difference between successive eigenvalues is less than the tolerance, stop the
iteration.

» Otherwise, increment the iteration counter k.

3. Output:

oThe final normalized vector x_k is the dominant eigenvector.

oThe Rayleigh quotient lambda_k is the associated eigenvalue.

Additional Notes:

e The power method is particularly useful for large matrices where other methods
might be computationally expensive.

e The convergence of the power method depends on the initial vector chosen.
Choosing a vector that is close to the dominant eigenvector can accelerate convergence.

e The power method can also be used to find other eigenvectors by deflating the
matrix after each iteration.

Here is python code for the algorithm above:

def

442
PAGE



INNOVATIVE DEVELOPMENTS AND RESEARCH IN EDUCATION *
International scientific-online conference

CANADA CANADA

—

mnmnn

# Initialize

while True

# lteration

# Check for convergence
if and

break

# Update

# Check maximum iterations
if
"Maximum iterations reached."

break
return

# Example usage

"Eigenvector:"

"Eigenvalue:"
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The results are as follows:

Eigenvector: [0.50001551 0.50001216 0.499984.17 0.49998816]

Eigenvalue: 9.999999990296292

The code provided only finds the dominant eigenvector and eigenvalue of the

matrix which can be considered correct. Iterative methods usually give approximate
values, not exact quantities.

V. DISCUSSION OF RESULTS

The article considers eigenvalues of the choosen matrix through these methods:
Kylov and power iterative. Python scripts have been written for them and checked
through the assistance of internal function of Python and Mathcad mathematical
system commands. The results are the same.
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